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ABSTRACT: Shaban Sedghi and Nguyen Van Dung [2] prove a general fixed point theorem in S-metric
spaces which is a generalization of S. Sedghi, N. Shobe, A. Aliouche, Mat. Vesnik [3] as applications, they get
many analogues of fixed point theorems from metric spaces to S-metric spaces. Inspired by their work In this
paper we define pseudo-S- metric spaces and pseudo-S-metric product spaces.
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I. INTRODUCTION

We begin with the following definition:
DEFINITION (1): Let X be a nonempty set. An S-
metric on X is a function S: X3 = [0,00) that satisfies
the following conditions, for each x, y, z €X
1) Sx,v,2z) =20
2) S (x,y, z) =0if and only if x=y=z
3)SKY,z2) <SS Xxa)+S(y,y,a)+S(z 2 a)
The pair ( X, S) is called an S-metric space.
Immediate examples of such S-metric spaces are:
EXAMPLE 1.1 Let X = R™ and ||. || a norm on X,
then S(x, y, z) = " X-Z " + " y-z " is an S-metric on X
EXAMPLE 1.2 Let X = R™ and " " a norm on X,
then S(x, y, z) = " y+z-2x " + " y-z " is an S-metric
on X
EXAMPLE 1.3 Let X be a nonempty set, d is ordinary
metric on X, then S(X, y, z) = d(x, z)+ d(y; z) is an S-
metric on X.
DEFINITION 2: Let S: X x X x X = R with the
following properties V X, y, z € X
1) Sx,y,2)=0
2) If x=y=z then S(x, y, z) =0
3) SKY,2)SSXXa)+S(y,y,a)+S (2,2, a)
then the function S is called a pseudo-S-metric, on X,
and the pair (X, S) is a pseudo- S-metric space.
Theorem 1.1: Every S-metric space is a pseudo S-
metric but every pseudo S-metric is not necessarily S-
metric space.
Proof: From definition of S-metric space it is obvious
that every S-metric space is pseudo S-metric space to
proof converse let us define

S: RxRxR>R* st

S(x,y,z) = |x2-22| + |y?-z3| V x,y,z € X
It is easy to check that S is pseudo S-metric on R*

evidently.
S(x,¥,2)=0= x%-22=0 and y?-z%2=0

=x=+z and y=%z
Thus S (x, y, z) = 0 does not necessarily implies x=y
and y=z and z=x
Hence (R, S) is pseudo S-metric but not S-metric space.
Let {X;,S;): i=1,2,3.....n} be a collection of pseudo S-
metric Spaces and X denote the product of the sets
X='1X;it is natural to ask whether or not it is possible to
define a pseudo S-metric on X.
The next theorems give a positive answer to this
question.In the case of finite or a denumerable
collection of pseudo S-metric space.

II. MAIN RESULT

Theorem 2.1(2): If (X S)), (X3S;), (X3S83).......

(XmSm) be a pseudo S-metric and let =x=
(a;,a,,0as3, ....,ay), y=(by,by,,bs,....,b,) and z=
(¢1,€5,C3, ... Cpy) are arbitrary points in product set

X='1X; then each of the following functions:

(D) S (x,y,2) =[Sy (a1, by, €1)* + 53 (A, by, )%+ ..+
Sm (am’ bm’ Cm)z]ll2

(i) S (x, y, z) = Max {S; (a1, by, ¢1), Sz (ay, by,
CZ)" . "Sm (am’ bm’ Cm }

(1) S (X, y, z) = §; (aq, by, 1) + S, (ay, by, )+ ...+
Sm (am’ bm’ Cm)

are pseudo S-metric on X .known as the product
pseudo S-metric on X and (x, s) is known as pseudo S-
metric product space.

Proof let S(x.y.z) = [S; (a;, by, ¢1)? + S, (ay, by, ¢;)*+
oot Sy (@ Dy € )21

i=12,..m=S;(a; b, ¢ )>0vVi=1,2,....m
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xm.Si (aibici))? =0,vi=1,2,....m
=>SXxYy2)=>0 ...(1)

Let S (x,y,2) = { [Sy (ay, by, ¢1)* + S, (ay, by, €)%+
coit Sy (@ Dy €)1

If X, y and z are equal = a; b;, ¢; are equal for all

Zsi (ai, b;, Ci)2=0

=>SXxYy2)=0 ...(2)
s(x,y,z2) <[ S; (a;, by, ¢1)? + S, (ay, by, )%+ ..+
Sm (aTH.’ bTH.’ Cm)2]1/2

< [[S; (@iaik)+ Sy (by, by, k+ Sy(cy, ¢qy ky I

Sy (@2, 22 ko)+ Sy (b, ba, ko)+ Sy(Ca, 3 ka1
S5 (a3a3ks)+ S5 (bs, bs, ka)+ S5(cs, €3, k3T’s

S (@m2mKe)+ Sy Oy Dins Ken)+ S (> Cops K117
[ Z[Si@ak)+ S; (b, by, ky+ Sy(cy, ¢ ki1,
vVi=1,23...m
<[ X[Si(a, a k)’1"+ [ ZS; (b, by, k) 1"+ [ ZSi(cy,»
24172
Ci’ kl.] ] s
Vi=1,2,3....m (by Minkowski’s inequality)
=5(x X K)+s(y, ¥ K)+5(z 2, K) .3
now let S (x, y, z)=max{S; (a;, by, ¢1) + S, (az, by,
)+ o+ S (s by C) )
vV i=1,23...m

>max (S; (a;b,c)=>0Vi=1,2,....m
=>Sxy,z)>0vVi=1,2,....m ...(4)
If X, y and z are equal = a; b;, ¢; are equal for all
i=1,,23........ m
=S (a;, b, ¢)=0
max{S; (ay, by, ¢1) + S, (az, by, C2)+ ...+ Sy (A by,
€m)}=0
=S X,y 2)=0 ...(5
let k=(k1,k2,k3 AAAAAA km) € X, Then
S(x,y,2)=S; (a, by, c1)+ S, (ay, by, o)+ ...+ Sy (A,
bm, cm)}
S(x,x,k) = max{S; (a,, a;, ki) + S, (a,, a,, ky)+ ..+
Sm (am’ am’ km)}
S(y, v ,k) = max{S; (b, by, k1) + S, (by, by, ky)+ ...+
Sm (bm, b, k) '}
S(z,z,k) = max{S; (c, ¢;, ki) + S, (cz, €3, k)+ ...+
Sm (Cm’ Cm’ km)}
Now, S (X, y, z)=max{S; (a,, by, ¢;) + S, (a,, by, ¢c;)+
vt S @y s €}

< max{S; (a, a1, k1) + S, (ay, a,, ky)+ ...+ Sy (@,
Qs k) }+ max{S; (by, by, ki) + S, (by, by, k))+ ...+
S by b, k) }+ max{S,; (c, ¢, ki) + S, (c3, 5,
ky))+ ...+ S (Cms Cns Km) }

<SS, X, k) +S(y, ¥, k) + S (z, 2, k) ...(6)

Let S (x,y,z) =S; (a, by, ¢1) + S, (ay, by, Co)+ ...+
Sm (am’ bm’ Cm)

Vi= 1, 2, mﬁSi (ai, bi, Ci)ZO

ZSi (ai, bi, Ci) =O,V i= 1, 2, eI

=>SXxYy2)=>0 ...(7
Let S (x,y,2) = Sy (ay, by, ¢1) + 5, (az, by, )+ ..+
Sm (am’ bm’ Cm)

If X, y and z are equal = a; b;, ¢; are equal for all

ZSi (ai, bi, Ci)=0,v i= 1, 2, eI

=>SXxYy2z2)=0 ...(8)
S xy,z) = S; (a4, by, ¢1) + S, (ay, by, C)+ ...+
Sm (am’ bm’ Uu)

< {u] (U], ul’ u1) + uZ (u2’ uZ’ u2)+ -t Uu(uu,
Uua Uu)}"‘ {u] (U], ul’ u1) + uZ (u2’ uZ’ u2)+ -t
Uu(uua Uua Uu)}"‘ {u] (U, U], u1) + uZ (u2’ uZ’
U+ .o+ 0 (O, U, O}

<S(, X, k) +S(y, ¥, k) + S (z, z, k) ...(9)
By the given equations it is proved that every S-metric
space is a pseudo S-metric but every pseudo S-metric is
not necessarily S-metric space.

Theorem 2.2

If {(ujyuj),(uzyuz),(uiug ....... (0,00) Jbe
denumerable collection of pseudo s metric space and let
x= (U, 0, 0y, O, y=(u1, U, U5, 0-) and
z= ([, 00,05, ... [J) are arbitrary points in product
set X=[! [J | then the function s defined by

w 1 , 00(00,00,00)
S(x.y,2)= ZU=12_(1+u (O, 0000

) is a pseudo s metric
on x

Proof 1. S, (a, b,,c,)) >0V n=1,2,3....,0
=S(x,y,z) >0V n=1, 2, 3...c.

2.If x, y and z are equal = a,_ b,, c, are equal for all
n=1,23........0

=S,(@yby,cy)=0Vn=1,2,3....,00

=S Xx,¥2)=0Vn=1,2,3....,0

3. Let k=( kl, kz, k3 km) € X then

.

05(80,00,00,)

1
2—u(

1+ 05(0g,0g,0g,) + 0p(0g,Ug, 0g,)05(0g, 0g, Og,)
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SH (aﬂ’ aﬂ’ kﬂ’ )
T 1+s,(a,a,k,,)

1 Sn (bn' bn' kn' )

21+ 5,(ay, 2y, Ky, ) + 5,(by, by, Ky, )50 (Cay oy Koy )
And
Sn (bn' bn' kn' )

1 +5s,(b,, by, ky,)

1 Sn (Cn' Cn kn' )

21+ 5,(ay, 2y, Ky, ) + 5,(by, by, Ky, )50 (Cay oy Ky )

$n(Chr €Kiy )
1 +s,(cp k)
Now S (x,y,2)

_ Z 1 sy(ay, by, c,)
h — 2" (1 + s, (a,, by, C,,

Now S (x,y,2)

< 1 sn(ay, ay, ky, )
—2"\1 + Sn (an' ap, kn' ) + Sn (bn' bn' kn' )Sn (Cn' Cns kn' )

1 Sy (by, by Ky, )

W( T 53 (a2 Ky ) + 5, (0 Dy Koy J50 (e oK) )
SH(CH’ CH’ kﬂ’ )

o T s k) + 50 (0, by Koy Yo (o Gor ko)

It shows that
1 Sn (an' bn' Cns

2"+ sp(ay, by, Cpy
It completes the proof.
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